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RAMIFICATION OF SURFACES:
ARTIN-SCHREIER EXTENSIONS
IGOR ZHUKOV
Dedicated to A. N. Parshin on occasion of his 60th birthday
Abstract. Let A be a regular 2-dimensional local ring of characteristic p > 0,
and let L/K be a cyclic extension of degree p of its field of fractions such that
the corresponding branch divisor is normal crossing. For each p ∈ SpecA of
height 1 such that A/p is regular, consider the ramification jump hp of the
extension of the residue field at p. In this paper the semi-continuity of hp with
respect to Zariski topology of suitable jet spaces is proved. The asymptotic of
hp with respect to intersection multiplicity of the prime divisor defined by p
and the branch divisor is also addressed.
Let L/K be a finite Galois extension of the function field of a connected normal
n-dimensional scheme X , and let f : Y → X be the normalization of X in L.
Denote by R ⊂ X the branch locus of this morphism. One can attach numerous
ramification invariants to the components of R: different and discriminant, depth
of ramification, lower and upper ramification subgroups, genome, generalized Artin
and Swan conductors etc. If n = 1, all these invariants are related with each other in
a very nice way. In particular, all the invariants can be computed in terms of (lower)
ramification filtrations. However, if n ≥ 2, the relations between these invariants
are, as a rule, obscure. It would be desirable to construct some basic system of
ramification invariants of (X , L/K) that determines all the other invariants.
In the present paper and in [Z] we start to develop an approach to ramification
theory of surfaces which can be described roughly as follows.
Let C be a curve on a 2-dimensional scheme X , and let D be any curve on Y
over C. Then the natural morphism D → C has well known ramification invariants,
namely, the (lower) ramification filtrations at all points where C meets R. The idea
is to collect these invariants for all regular curves on C that are distinct from the
components of R and to consider these data as a system of invariants of (X , L/K).
(Some properties of these invariants were discussed in [D] and [Br].) In [Z] a more
detailed description of this program is given.
In this paper we treat only the case when X = SpecA, A is a regular 2-
dimensional local ring of characteristic p > 0, and L/K is a cyclic extension of
degree p. Then the above-mentioned ramification invariants are reduced to the set
of numbers hp(L/K), where p runs over the set of prime ideals of A such that A/p is
a 1-dimensional regular ring, and L/K is unramified at the place p. Here hp(L/K)
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denotes the only ramification jump of the extension of residue fields emerging at p,
if this extension is non-trivial; otherwise, hp(L/K) = 0.
Theorems 2.1–2.4 describe the behavior of hp(L/K) as one varies p. These
theorems give positive answers to a part of the questions in [Z, §2] for X and L/K
as above.
I am very much grateful to A. N. Parshin for his permanent encouragement in
my attempts to analyze ramification invariants of higher-dimensional schemes. I
am also very much indebted to V. P. Snaith for the invitation to Southampton and
for a lot of ramification discussions there and in St. Petersburg.
1. Terminology and notation
Let A be an equal characteristic regular 2-dimensional local ring with the max-
imal ideal m = (T, U) and perfect residue field k, N a positive integer. We
have a canonical isomorphism between the completion of A and k[[T, U ]]. A map
k = A/m→ A is said to be a section of level N if the diagram
k
λ
−−−−→ Ay y
k[[T, U ]]/(T, U)N A/mN
commutes.
For any commutative ring A denote
Spec1A = {p ∈ SpecA| dim(A/p) = 1}.
For a prime ideal p ∈ Spec1A, denote by Fp the prime divisor Spec(A/p) in
SpecA.
If R is a domain, FrR is the field of fractions of R.
If A is a local ring, Â is the completion of A.
2. Theorems
Let A be a regular two-dimensional local ring, K = FrA, m the maximal ideal
of A, k the residue field assumed to be algebraically closed, char k = p > 0.
For any two distinct prime divisors Fp, Fp′ we define their intersection number
as
(Fp.Fp′) = dimk A/(p+ p
′);
by linearity this definition can be extended to any two divisors C,C′ with no com-
mon components.
Let L/K be a cyclic extension of degree p, and let B be the integral closure of
A in L. Let p1, . . . , pd ∈ Spec1A be those prime ideals where L/K is ramified.
In this paper we shall assume that the branch divisor is (strictly) normal crossing,
i. e., d ≤ 2; A/p1, . . . , A/pd are regular; if d = 2, then (Fp1 .Fp2) = 1. We are not
interested in unramified extensions; thus, we shall assume d ≥ 1. The valuations on
K associated with prime divisors Fp1 , . . . Fpd will be denoted by v1, . . . , vd. Next,
UA = {p ∈ Spec1A|A/p is regular, p 6= p1, . . . , pd}.
Let p ∈ UA. Consider Dq, the decomposition subgroup in Gal(L/K) at q,
where q is a prime ideal of B over p. Since L/K was not ramified at p, we have
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Dq ≃ Gal(L(q)/K(p)), where K(p) is the fraction field of A/p, and L(q) is the
fraction field of B/q (see [Bou, Ch. V, §2, Prop. 6]).
The ring A/p is a discrete valuation ring with residue field k, and we obtain
(lower) ramification filtration on the group Gal(L(q)/K(p)). The ramification sub-
groups will be denoted by Gi,p, i ≥ −1. We put
hp(L/K) =
{
max{i|p = |Gi,p|}, e(L(q)/K(p)) = p,
0, otherwise.
It is easy to see that hp(L/K) is well defined. (To relate this notation with that
from [Z], denote by O the closed point of SpecA. Then hp(L/K) = w
(1)
Fp,O
(L/K).)
For p ∈ UA, the set
Jn(p) = {p
′ ∈ UA|(Fp′ .Fp) ≥ n+ 1}
is said to be the jet of p of order n. We introduce also
Tr =
{
{p ∈ UA|(Fp.Fp1) = r}, d = 1,
{p ∈ UA|(Fp.Fp1) = r, (Fp.Fp2) = 1}, d = 2,
and
Tr,n = {Jn(p)|p ∈ Tr}.
2.1. Theorem. (existence of a uniform sufficient jet order) For any r ≥ 1 there
exists s such that if p, p′ ∈ Tr and (Fp.Fp′) ≥ s+1, then hp(L/K) = hp′(L/K). Let
su1,r(L/K) be the minimal such s. Then there exists N ≥ 1 such that su1,r(L/K) <
Nr for any r.
This theorem is a particular case of Corollary 4.1.1 in [Z]. Moreover, if L = K(x),
xp − x = a ∈ K, and mi = −vi(a), i = 1, . . . , d, it follows from [Z, Prop. 6.1] that
su1,r(L/K) + 1 ≤
{
(m1 + 1)r +m2 + 1, d = 2,
(m1 + 1)r, d = 1.
Thus, one can take N =
∑d
i=1(mi + 1).
2.1.1. Remark. In fact, we need not refer to [Z] since both Theorem 2.1 and the
upper bound for su1,r(L/K) follow from the argument in subsection 3.5.
To state further theorems, we have to introduce a structure of affine space on
Tr. If d = 2, denote by T and U any generators of p1 and p2 respectively. If
d = 1, denote by (T, U) any system of regular local parameters in A such that T is
a generator of p1. Then Â can be identified with k[[T, U ]].
Fix a positive integer n and a section λ : A/m→ A of level n.
First, we consider the case r = 1, d = 1.
Let p ∈ T1 (i. e., this is the ideal of the germ of a curve transversal to Fp1). Then
p = (f), where f 6≡ 0 mod (T, U2), and we may assume f ≡ −U mod (T, U2). By
Weierstraß preparation theorem [Bou, Ch. VII, §3, Prop. 6] there exists a unique
ε ∈ (Â)∗ such that fε = −U+
∑∞
i=1 αiT
i for some αi ∈ k, i = 1, 2, . . . Take ε0 ∈ A
∗
such that ε0 ≡ ε mod (T, U)
n+1. Replacing f with fε0, we may assume without
loss of generality that
(1) f ≡ −U + λ(α1)T + · · ·+ λ(αn)T
n mod deg n+ 1,
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where α1, . . . , αn ∈ k are determined uniquely by p. Thus, we can identify T1,n
with the set of closed points of Ank via
(α1, . . . , αn) 7→ Jn((−U + λ(α1)T + · · ·+ λ(αn)T
n)).
Note that α1, α2, . . . are independent of λ and n. They are in fact the coefficients
in the expansion
u = α1t+ α2t
2 + . . . ,
where t and u are the images of T and U in Â/p ≃ k[[t]].
Next, let either r ≥ 2 or d = 2, r = 1. If p ∈ Tr, we have p = (f),
(2) f ≡ −T + λ(βr)U
r + · · ·+ λ(βn)U
n mod degn+ 1,
where βr, . . . , βn ∈ k are uniquely determined by p, and βr 6= 0. We have a bijection
(An+1−rk )x0 6=0 → Tr,n,
(βr, . . . , βn) 7→ Jn((−T + λ(βr)U
r + · · ·+ λ(βn)U
n)).
Here (An+1−rk )x0 6=0 is the set of closed points of A
n+1−r
k with a non-vanishing first
coordinate. As in the previous case, βr, βr+1, . . . are independent of λ and n.
All the below theorems will be proved in the next section.
2.2. Theorem. (semi-continuity of a jump) Let n ≥ su1,r(L/K). Then for any
s ≥ 0 the set
{Jn(p)|p ∈ Tr; hp(L/K) ≤ s}
is a closed subset in Tr,n.
2.3. Theorem. (generic value of a jump) The supremum
hr(L/K) = sup{hp(L/K)|p ∈ Tr}
is finite.
Recall that a local ring A is a G-ring iff for any p ∈ SpecA and any finite
extension L/Fr(A/p) the formal fiber Â ⊗A L is a regular ring, see [M, (33.C)].
(This is one of the conditions in the definition of an excellent ring. Local rings of
varieties are G-rings.)
2.4. Theorem. (asymptotic of jumps) Assume in addition that A is a G-ring. The
sequence (hr(L/K)/r)r is convergent.
These three theorems supply positive answers to the questions with the same
names in [Z] for the case when X is local, and L/K is a cyclic extension of degree
p. In the question related to the asymptotic of jumps one needs an additional
assumption that A is a G-ring.
3. Proofs
3.1. Lemma. Let A be a regular 2-dimensional local ring, K the fraction field of
A, p1, . . . , pn, q distinct primes of height 1 in A, x1, . . . , xn ∈ K. Then there exists
x ∈ K such that x− xi ∈ Api , i = 1, . . . , n, and x ∈ Ap, p 6= p1, . . . , pn, q.
Proof. Reduction to the case n = 1 is immediate. Since A is regular, p = p1 = (t)
and q = (u) for some t, u ∈ A. One can write x1 = t
−ra, a ∈ Ap, r is integral. We
may assume r > 0; otherwise, take x = 0.
Apply induction on r; let r = 1. Observe that u + p is a non-zero element of
the maximal ideal of a (not necessarily regular) one-dimensional local ring A/p.
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Therefore, Ap/pAp = (A/p)u. Then au
l ≡ a0 mod pAp, where a0 ∈ A, l is a
non-negative integer. One can take x = t−1u−la0.
Let r > 1. Applying the case r = 1, one can find x′ ∈ A[t−1, u−1] such that
x′−tr−1x1 ∈ Ap. It remains to apply the induction hypothesis, taking x1−t
−(r−1)x′
for a new x1. 
The following lemma is standard and easy to prove.
3.2. Lemma. Let R be a discrete valuation ring of prime characteristic p, K the
fraction field, pi a uniformizer, L/K a cyclic extension of degree p which is not
unramified. Then L = K(x), xp − x = pi−ma, m > 0, a ∈ R∗, and one of the
following two conditions holds:
(i) (m, p) = 1, and L/K is totally ramified;
(ii) p|m, a /∈ Rp + (pi), and L/K is ferociously ramified, i. e., the inseparable
degree of the extension of residue fields is equal to [L : K].
3.2.1. Corollary. Let A be a regular 2-dimensional local ring of characteristic p >
0, L/K a cyclic extension of the fraction field of degree p.
1. Assume that the branch locus of L/K in SpecA is regular, i. e., it consists
of a single regular prime divisor Fq0 ; we have q0 = (t) for some t ∈ A. Then
L = K(x), xp − x = a, a ∈ A[t−1].
2. Assume that the branch locus of L/K in SpecA consists of two transversal
regular prime divisors Fq0 , Fq1 , where q0 = (t) and q1 = (u). Then L = K(x),
xp − x = a, a ∈ A[t−1, u−1].
Proof. By Artin-Schreier theory, L = K(x0), x
p
0 − x0 = a0, a0 ∈ K.
By Lemma 3.2, in the case “1” (resp., “2”) qi are poles of a0, where i = 0 (resp.,
i = 0, 1). Let p1, . . . , pn ∈ SpecA be all the other poles of a0. In the case “1”
choose u ∈ A such that (t, u) are local parameters of A and q = (u) is distinct from
p1, . . . , pn. In the case “2” put q = q1.
Since L/K is not ramified at places p1, . . . , pn, by Lemma 3.2 there exist di ∈ K
such that a0 + d
p
i − di ∈ Api , i = 1, . . . , n. By Lemma 3.1, there exists d ∈ K such
that d− di ∈ Api , i = 1, . . . , n, and d is integral outside {p1, . . . , pn, q}.
Put a1 = a0 + d
p − d. Then L = K(x1), x
p
1 − x1 = a1, and the only poles of
a1 are p0 and (possibly) q. It follows a1 ∈ A[t
−1, u−1], and in the case “2” we are
done.
Finally, denote by a any element of A[t−1, u−1] which takes the form a = a1 +
Dp −D, D ∈ K, and is of minimal possible degree r in u−1. It remains to prove
that r = 0.
Assume r > 0. Applying Lemma 3.2 to the completion R of Aq, we see that
r = ps with integral s. (Otherwise, L/K would be totally ramified at q!) Hence
a = u−psb, where b ∈ A[t−1]. We have b ∈ Rp + uR = Apq + uR = A[t
−1]p + uR.
(Otherwise, by Lemma 3.2, L/K would be ferociously ramified at q!) If
b ≡ bp0 mod uR, b0 ∈ A[t
−1],
then in fact
b− bp0 ∈ A[t
−1] ∩ uR = A[t−1] ∩ uAq = uA[t
−1].
Therefore, a′ = a− (u−sb0)
p + u−sb0 is in u
−(ps−1)A[t−1], a contradiction with the
choice of a. 
The lemma below is also standard and easy to prove.
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3.3. Lemma. In the case (m, p) = 1 in Lemma 3.2 the only ramification jump of
L/K is m.
3.4. Lemma. Let R be a complete discrete valuation ring of prime characteristic p
with algebraically closed residue field, K the field of fractions, Li = K(xi), x
p
i −xi =
ai ∈ K, i = 1, 2. Assume that a1 − a2 ∈ R. Then L1 = L2.
Proof. We have L1L2 = L1(x), x
p − x = a1 − a2. Since the residue field is alge-
braically closed, the polynomial Xp−X−(a1−a2) has a root in the ring of integers
of L1, whence L1L2 = L1. Similarly, L1L2 = L2. 
3.5. Proof of Theorems 2.3 and 2.2.
Let A,K,m, k, p; L/K; p1, . . . , pd; v1, . . . , vd; T, U be as in section 2.
By Corollary 3.2.1, L = K(x), where xp − x = a, a ∈ A[T−1, U−1] if d = 2, and
a ∈ A[T−1] if d = 1.
Denote m = −v1(a). Put n = −v2(a) if d = 2, and n = 0 otherwise. Fix some
r ≥ 1 and a section λ : k = A/m→ A of level rm+ n+ 1. One can write
(3) a = T−mU−n
(m+n−1∑
i=0
rm+n−1∑
j=0
λ(θij)T
iU j + Z
)
,
where θij ∈ k, Z ∈ T
m+nA+U rm+nA. Looking at the expansion of TmUna in the
completion of A, we conclude that θij are independent of r and λ.
We start with the case, when r = 1 and d = 1. Let p ∈ T1. Denote by t and u
the images of T and U in A/p; t is a local parameter in this discrete valuation ring.
Introducing α1, . . . , αm as in (1), we get in the completion of A/p:
u ≡ α1t+ · · ·+ αmt
m mod tm+1.
By the definition, hp(L/K) is the only ramification jump of k((t))(y)/k((t)),
where
yp − y = t−m
(m−1∑
i=0
m−1∑
j=0
θijt
iuj
)
≡ t−m
(m−1∑
i=0
m−1∑
j=0
θijt
i+j(α1 + · · ·+ αmt
m−1)j
)
mod k[[t]],
(4)
if this extension is non-trivial, and 0 otherwise.
Now Theorem 2.3 for r = 1 and d = 1 follows from Lemma 3.3 and Lemma 3.4;
we have h1(L/K) ≤ m.
Next, (4) implies
yp − y ≡ t−m
m−1∑
i=0
Fi(α1, . . . , αi)t
i mod k[[t]],
where F0 = θ00, and Fi ∈ k[X1, . . . , Xi] are determined by
m−1∑
i=0
m−1∑
j=0
θijτ
i+j(X1 + · · ·+Xmτ
m−1)j ≡
m−1∑
i=0
Fi(X1, . . . , Xi)τ
i mod τm
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in k[X1, . . . , Xm, τ ]. Lemma 3.4 implies k((t))(y) = k((t))(y˜),
y˜p − y˜ =
∑
1≤l≤m
(p,l)=1
Gl(α1, . . . , αm−1)t
−l,
where
Gl(α1, . . . , αm−1) = Fm−l(α1, . . . , αm−l) + Fm−pl(α1, . . . , αm−pl)
p−1 + . . .
For s = 0, . . . ,m− 1, we have
hp(L/K) ≤ s
iff
Gl(α1, . . . , αm−1) = 0, s+ 1 ≤ l ≤ m, (p, l) = 1.
Therefore, for any M ≥ m− 1 the set
{JM (p)|p ∈ T1; hp(L/K) ≤ s}
can be identified with the set of common zeroes of polynomials
Nl∑
ν=0
F p
N
l
−ν
m−pν l, s+ 1 ≤ l ≤ m, (p, l) = 1,
where Nl = max{i|m − p
il ≥ 0}, and all Fi (0 ≤ i ≤ m − 1) are considered as
elements of k[X1, . . . , XM ]. This proves Theorem 2.2 for r = 1 and d = 1.
Next, assume that either r ≥ 2 or r = 1 and d = 2.
Let p ∈ Tr. Denote by t and u the images of T and U in A/p; u is a local
parameter in this discrete valuation ring. Introducing βr, . . . , βr+rm+n−1 as in (2)
(even if r = 1), we get in the completion of A/p:
t ≡ βru
r + · · ·+ βr+rm+n−1u
r+rm+n−1 mod ur+rm+n,
and βr 6= 0. The image of T
−mU−nZ in Âp/pAp = k((u)) belongs to k[[u]].
Therefore, in view of Lemma 3.4, hp(L/K) is the only ramification jump of the
extension k((u))(y)/k((u)), where
(5) yp − y = t−mu−n
(m+n−1∑
i=0
rm+n−1∑
j=0
θijt
iuj
)
≡ β−mr u
−rm−n×
×
(m+n−1∑
i=0
rm+n−1∑
j=0
θijβ
i
ru
ri+j
(rm+n−1∑
ν=0
βr+ν
βr
uν
)−m+i)
mod k[[u]].
Theorem 2.3 follows immediately; we have hr(L/K) ≤ rm+ n.
It follows from (5) that
yp − y ≡ β−mr u
−rm−n
rm+n−1∑
i=0
F
(r)
i (βr, βr+1/βr, . . . , βr+i/βr)u
i mod k[[u]],
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where F
(r)
0 = θ00, and F
(r)
i ∈ k[X0, . . . , Xi] are determined by
(6)
m+n−1∑
i=0
rm+n−1∑
j=0
θijX
i
0τ
ri+j
(
1 +
rm+n−1∑
ν=1
Xντ
ν
)−m+i
≡
≡
rm+n−1∑
i=0
F
(r)
i (X0, X1, . . . , Xi)τ
i mod τrm+n
in k[X0, . . . , Xrm+n−1][[τ ]].
Lemma 3.4 implies k((u))(y) = k((u))(y˜),
y˜p − y˜ =
∑
1≤l≤rm+n
(p,l)=1
G
(r)
l (βr, . . . , βr+rm+n−1)u
−l,
where
G
(r)
l (βr, . . . , βr+rm+n−1) =
Nl∑
ν=0
(
β−mr F
(r)
i(ν)
(
βr,
βr+1
βr
, . . . ,
βr+i(ν)
βr
))p−ν
,
i(ν) = rm+ n− pν l, Nl = max{ν|i(ν) ≥ 0}. For s = 0, . . . , rm+ n− 1, we have
hp(L/K) ≤ s
iff
G
(r)
l (βr, . . . , βr+rm+n−1) = 0, s+ 1 ≤ l ≤ rm+ n, (p, l) = 1.
Therefore, for any M ≥ r + rm + n− 1 the set
{JM (p)|p ∈ Tr; hp(L/K) ≤ s}
can be identified with the set of all common zeroes of polynomials{
Nl∑
ν=0
XN0 F
(r)
rm+n−pν l
(
X0,
X1
X0
, . . . ,
Xrm+n−pν l
X0
)pNl−ν}
s+1≤l≤rm+n, (p,l)=1
in (AM+1−rk )x0 6=0, where N is big enough. This proves Theorem 2.2. 
3.6. Proof of Theorem 2.4. Choose an Artin-Schreier equation xp − x = a for
L/K with a ∈ A[T−1, U−1] such that m = −v1(a) is minimal, and define θij as in
(3). Put n = −v2(a) if d = 2, and n = 0 if d = 1.
Case 1: p ∤ m. Take the minimal j such that θ0j 6= 0; such j exists in view
of minimality of m. Take any r > max(1, j). First, let p ∤ rm + n − j. Since
θ00 = · · · = θ0,j−1 = 0, we see from (6) that F
(r)
0 = · · · = F
(r)
j−1 = 0 and F
(r)
j = θ0j .
It follows G
(r)
l (βr, . . . , βr+rm+n−1) = 0 for rm+ n− j + 1 ≤ l ≤ rm+ n, p ∤ l, and
G
(r)
rm+n−j(βr, . . . , βr+rm+n−1) = β
−m
r θ0j 6= 0.
It follows hp(L/K) = rm+ n− j for any p ∈ Tr by Lemma 3.3.
Let p|rm+ n− j, then hp(L/K) = rm+ n− j − 1 iff
Jr+rm+n−1(p) = Jr+rm+n−1((−T + λ(βr)U
r + · · ·+ λ(βr+rm+n−1)U
r+rm+n−1)),
where βr, . . . , βr+rm+n−1 are such that
G
(r)
rm+n−j−1(βr, . . . , βr+rm+n−1) = β
−m
r F
(r)
j+1(βr, βr+1/βr, . . . , βr+j/βr) 6= 0.
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An easy computation shows that F
(r)
j+1(X0, X1, . . . , Xj) = θ0,j+1 −mθ0jX1. Thus,
we have hp(L/K) = rm + n − j − 1 iff θ0,j+1βr −mθ0jβr+1 6= 0. Since mθ0j 6= 0,
such βr, . . . , βr+rm+n−1 exist. We have proved that
hr(L/K) =
{
rm+ n− j, p ∤ rm + n− j,
rm+ n− j − 1, p | rm + n− j.
for r > max(1, j).
Case 2: p | m. We claim that there exists a positive integer j such that j 6≡ n
mod p, and θ0j 6= 0. Indeed, assume that θ0j = 0 for all j 6≡ n mod p. Choose
N ≥ n such that p|N . Then the residue class of TmUNa in Â/(T ) = k[[U ]] belongs
to k[[Up]]. Consider the commutative diagram
A(T )
α
−−−−→ Â(T ) = k[[T, U ]](T )y y
Fr(A/(T ))
β
−−−−→ k((U))
where α is an embedding of discrete valuation rings and β is the induced embedding
of their residue fields. On the other hand, β is exactly the completion map of the
field of fractions of the discrete valuation ring A/(T ). We can identify Fr(A/(T ))
with the image of β. Let x ∈ k[[U ]], xp ∈ A/(T ). Since A is a G-ring, A/(T ) is
also a G-ring, and any algebraic subextension in k((U))/Fr(A/(T )) is separable,
whence x ∈ A/(T ). It follows
k[[Up]] ∩A/(T ) = (A/(T ))p,
whence one can write TmUNa = bp + Tb′, b, b′ ∈ A. It follows
v1(a− T
−mU−Nbp + T−m/pU−N/pb) > −m.
This yields a contradiction with the minimality of m.
Now let j be minimal with θ0j 6= 0 and j 6≡ n mod p. Changing a, we may
assume without loss of generality that θ0i = 0 for all i < j.
Take any r > max(1, j). As in Case 1, we obtain hp(L/K) = rm + n− j for all
p ∈ Tr. (Note that p ∤ rm + n − j.) We have proved that hr(L/K) = rm + n − j
for all r > max(1, j).
In both cases we see that lim
r
hr(L/K)/r = m. 
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